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Abstract
Here we present a partial generalization to higher order osculating spaces of the classical
lemma of Terracini on ordinary tangent spaces. As an application, we investigate the secant
varieties to the osculating varieties to the Veronese embeddings of the projective plane.
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1. Introduction
The geometry of defective varieties, whose secant varieties have dimension less than
the expected one, is a subtle and intriguing subject which has been investigated by
several authors, both classical and modern (see for instance the introduction and the
references in [4]). The main tool for understanding defective varieties is provided by
the celebrated lemma of Terracini (see [12] for the original statement and [10,1] for
modern versions):
Lemma 1. Let X ⊂ Pr be an integral non-degenerate projective variety of dimension
n and let h6 r be a positive integer. Take h+ 1 general points p0; : : : ; ph of X and
let P ∈ 〈p0; : : : ; ph〉 be a general point in the h-secant variety Sech(X ) of X . Then the
tangent space TP(Sech(X )) to Sech(X ) at P is given by TP(Sech(X ))=〈
⋃h
i=0 Tpi(X )〉.
∗ Corresponding author.
E-mail addresses: ballico@science.unitn.it (E. Ballico), fontanar@science.unitn.it (C. Fontanari).
0022-4049/$ - see front matter c© 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2004.06.005
2 E. Ballico, C. Fontanari / Journal of Pure and Applied Algebra 195 (2005) 1–6
The generalization of the above result from tangent spaces to higher order osculating
spaces (from double points to points of higher multiplicity) is a very delicate problem,
which has recently attracted a great deal of interest (for instance, we are aware of
work in progress by Ciliberto on these topics). Here we present our attempts in this
direction, which have been inspired by the less known paper [13] of Terracini: indeed,
our Lemma 2 should be regarded as a rough extension of Lemma 1.
As an application, we are going to investigate the secant varieties to the osculating
varieties T (m; V2;d) of order m to the d-Veronese surface V2;d. It is known that the
tangential variety to V2;d is not h-defective unless d=3 and h=1 (see [7,2]) and that
the 2-osculating variety of V2;d is not h-defective unless d=4 and h=1 (see [3]). Other
related results are collected in the very recent preprint [6]. Here instead we prove the
following:
Proposition 1. Fix integers d¿ 1, h¿ 1, m¿ 1. If
(d+ 2)(d+ 1)
2
6 2(h+ 1) + (h+ 1)
(m+ 2)(m+ 1)
2
;
then T (m; V2;d) is h-defective for:
(a) h= 1, m+ 26d6 2m+ 2;
(b) h= 2, 3(m+ 2)=26d6 2m+ 2;
(c) h= 4, 2m+ 46d6 (5m+ 8)=2;
(d) h= 5, 12(m+ 2)=56d6 (5m+ 8)=2;
(e) h= 6, 21(m+ 2)=86d6 (8m+ 14)=3;
(f) h= 7, 48(m+ 2)=176d6 (17m+ 32)=6.
If instead
(d+ 2)(d+ 1)
2
¿ 2(h+ 1) + (h+ 1)
(m+ 2)(m+ 1)
2
;
then T (m; V2;d) is h-defective for:
(a) h= 1, m+ 16d6 2m;
(b) h= 2, 3(m+ 1)=26d6 2m;
(c) h= 4, 2m+ 26d6 (5m+ 3)=2;
(d) h= 5, 12(m+ 1)=56d6 (5m+ 3)=2;
(e) h= 6, 21(m+ 1)=86d6 (8m+ 6)=3;
(f) h= 7, 48(m+ 1)=176d6 (17m+ 15)=6.
Theorem 1. Fix integers d¿ 1, h¿ 1, m6 18. Then
dim(Sech(T (m; V2;d))) = expdim(Sech(T (m; V2;d)))
=min
{
2(h+ 1) + (h+ 1)
(m+ 2)(m+ 1)
2
− 1; (d+ 2)(d+ 1)
2
− 1
}
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for
(a) h= 1 and either d¡m+ 1 or d¿ 2m+ 2;
(b) h= 2 and either d¡ 3(m+ 1)=2 or d¿ 2m+ 2;
(c) h= 4 and either d¡ 2m+ 2 or d¿ (5m+ 8)=2;
(d) h= 5 and either d¡ 12(m+ 1)=5 or d¿ (5m+ 8)=2;
(e) h= 6 and either d¡ 21(m+ 1)=8 or d¿ (8m+ 14)=3;
(f) h= 7 and either d¡ 48(m+ 1)=17 or d¿ (17m+ 32)=6;
(g) h= 3 or h¿ 8.
We deduce the above statements from the classiEcation of (−1)-special linear sys-
tems on the projective plane due to Ciliberto and Miranda [9]. Indeed, our proof shows
that Theorem 1 holds for every integer m such that any special linear system of plane
curves with base points of equal multiplicity m+ 2 is (−1)-special.
2. The results
Let X ⊂ Pr be a non-degenerate integral projective variety of dimension n deEned
over the complex Eeld C. If p∈X and m is a non-negative integer, let Tmp (X ) denote
the m-osculating space to X at p (in particular, we have T 0p(X ) = {p} and T 1p(X ) =
Tp(X ), the usual tangent space). Fixed non-negative integers m0; : : : ; mh, deEne the
higher order join
J (m0; : : : ; mh; X ) :=
⋃
p0 ;:::;ph
〈Tm0p0 (X ); : : : ; Tmhph (X )〉;
where p0; : : : ; ph are general points on X . In particular, if m0 = · · ·=mh =m, we have
J (m; : : : ; m; X ) = Sech(T (m; X ));
where T (m; X ) is the m-osculating variety of X (see for instance [5, DeEnition 1]) and
Sech denotes the h-secant variety (see for instance [11, DeEnition 1.1]).
Lemma 2. Notation as above.
(i) The expected dimension of J (m0; : : : ; mh; X ) is
expdim(J (m0; : : : ; mh; X )) = min
{
(h+ 1)n+
h∑
i=0
(
mi + n
n
)
− 1; r
}
:
(ii) There is a natural inclusion
TP(J (m0; : : : ; mh; X )) ⊆ 〈Tm0+1p0 (X ); : : : ; Tmh+1ph (X )〉;
where p0; : : :; ph are general points on X and P is general in 〈Tm0p0 (X ); : : :; Tmhph (X )〉.
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(iii) If r¿(h+1)n+
∑h
i=0
(mi+n
n
)−1 and dim〈Tm0p0 (X ); : : :; Tmhph (X )〉=∑hi=0 (mi+nn )−
1− , then
dim J (m0; : : : ; mh; X ))6 (h+ 1)n+
h∑
i=0
(
mi + n
n
)
− 1− :
(iv) If r¿
∑h
i=0
(mi+n+1
n
)−1 and dim〈Tm0+1p0 (X );: : :; Tmhph +1(X )〉=∑hi=0(mi+n+1n )
− 1, then
dim(J (m0; : : : ; mh; X )) = expdim(J (m0; : : : ; mh; X )):
(v) If n = 2, dim〈Tmp0 (X ); : : : ; Tmph(X )〉 = min {(h+ 1)(m+ 2)(m+ 1)=2− 1; r} and
dim Sech(T (m; X ))¡min {2(h+ 1) + (h+ 1)(m+ 2)(m+ 1)=2− 1; r}, then
TP(Sech(T (m; X ))) = 〈Tm+1p0 (X ); : : : ; Tm+1ph (X )〉;
where p0; : : : ; ph are general points on X and P is general in 〈Tmp0 (X ); : : : ; Tmph(X )〉.
Proof. For 06 i6 h, let
pi : Ui ⊆ Cn → X;
ti1; : : : ; tin →pi(ti1; : : : ; tin)
be a local parametrization of X (in the euclidean topology) centered in a general point
of X . A general point of J (m0; : : : ; mh; X ) is of the form
P = p0(t01; : : : ; t0n) +
h∑
i=1
ipi(ti1; : : : ; tin) +
h∑
i=0
16|I |6mi
Ii p
I
i (ti1; : : : ; tin);
where pI denotes the derivative of p corresponding to the multi-index I = (a1; a2; : : :)
with every aj ∈{1; : : : ; n}. Notice that P depends on (h + 1)n +
∑h
i=0
(mi + n
n
) − 1
parameters, hence (i) follows.
The tangent space TP(J (m0; : : : ; mh)) is the linear span〈
{P} ∪
{
9P
9tij
}
i=0; :::; h
j=1; :::; n
∪
{
9P
9i
}
i=0; :::; h
∪
{
9P
9Ii
}
i=0; :::; h
16|I |6mi
〉
=
〈
{pi}i=0; :::; h ∪ {pIi } i=0; :::; h
16|I |6mi
∪


∑
|I |=mi
Ii p
I∪{j}
i

 i=0; :::; h
j=1; :::; n
〉
;
hence (ii)–(iv) follow.
Finally, we have to check (v). Since 〈Tmp0 (X ); : : : ; Tmph(X )〉 is of the expected
dimension but Sech(T (m; X )) is not, there is at least one i∈{0; : : : ; h} and j(i)∈{1; 2}
such that
∑
I 
I
i p
I∪{j(i)}
i is a linear combination of the other points spanning
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TP(Sech(T (m; X ))). Since the coeIcients Ii are general, by specializing all but one
coeIcient Ii to 0 and the remaining one to 1 in all possible ways, we obtain
TP(Sech(T (m; X ))) =
〈
{pk}k=0; :::; h ∪ {pIk} k=0; :::; h
16|I |6m
∪ {pIi }|I |=m+1 ∪


∑
|I |=m
Ikp
I∪{j}
k

 k =i
j=1; :::; n
〉
:
Moreover, since m0 = · · ·=mh =m, the same is true for every i∈{0; : : : ; h} hence the
claim follows.
Now we turn to the promised applications. We point out that our arguments rely on
the main classiEcation result of [9], from which we borrow notation and terminology
also.
Proof of Proposition 1. In the former case, we have
expdim(Sech(T (m; V2;d))) =
(d+ 1)(d+ 2)
2
− 1
for every m¿ 1, hence the claim follows directly from Lemma 2(ii) and the speciality
of the linear system Ld((m+2)h+1) (see [8, Theorem 2.4]). In the latter case, the claim
follows from Lemma 2(iii) and the speciality of the linear system Ld((m+1)h+1) (see
[8, Theorem 2.4]).
Proof of Theorem 1. First of all, notice that, since m + 26 20, any special
Ld((m + 2)h+1) is (−1)-special by Ciliberto et al. [8]. Next, if (d+1)(d+2)2 ¿
(h + 1) (m+3)(m+2)2 , just apply Lemma 2(iv). Finally, if
(d+1)(d+2)
2 6 (h + 1)
(m+3)(m+2)
2 ,
argue by contradiction and conclude by Lemma 2(v).
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